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Interpretable reduced modeling of  
large-scale pattern dynamics 

- from materials science to astrophysics -

Yoh-ichi Mototake 
Hitotsubashi university (Japan) 

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Reduced Modeling of Large System 4
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Reduced Modeling of Complex Systems 5

群れ現象 磁区構造高分子構造

非周期的秩序構造を持つ集団運動
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Reduced Modeling of Complex Systems 6

Non-periodic  
ordered structure

http://k-hiura.cocolog-nifty.com/

Random Ordered

Random structure Periodic structure

Statistics

Molecular motion of gas NaCl crystal (Wikipedia)

Fourier basis
Pseudo-particle

群れ現象 磁区構造高分子構造

非周期的秩序構造を持つ集団運動

縮約モデル構築
プロセス

交通流

科学者の洞察

+データ多様体の
対称性評価

科学者の洞察

+ベイズ推論
による縮約

縮約座標系縮約モデル

大自由度群れ行動縮約モデル

ドメインパターン形成モデル

古典的座標系：フーリエ基底 etc

トポロジカルな特徴量空間???



ML and Reduced Modeling 7

群れ現象 磁区構造高分子構造

非周期的秩序構造を持つ集団運動

縮約モデル構築
プロセス

交通流

科学者の洞察

+データ多様体の
対称性評価

科学者の洞察

+ベイズ推論
による縮約

縮約座標系縮約モデル

大自由度群れ行動縮約モデル

ドメインパターン形成モデル

古典的座標系：フーリエ基底 etc

トポロジカルな特徴量空間

Large-scale pattern dynamics
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Magnetic 
domain
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flow
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forming

Scientist Insights 
+ Machine learning
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Interpretable AI for reduced coordinate search 8

Extracting conservation laws from a trained DNN
[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

Reduce coordinates 
Timeseries dataset Conservation laws

Proposed methods



[Y. Mototake, Phys. Rev. E, 103, 033303, 2021] 

▶︎The purpose of the proposed framework is not to analyze 
physical data with deep learning but to extract interpretable 
physical information from trained DNNs. 
▶︎With Noether's theorem and by an efficient sampling method, 
the proposed framework infers conservation laws by extracting 
the symmetries of dynamics from trained DNNs.  
▶︎The proposed framework is developed by deriving the 
relationship between a manifold structure of a time-series data 
set and the necessary conditions for Noether's theorem. 

Related researches refering our study: 
[Ziming Liu and Max Tegmark, Phys. Rev. Lett. 126 180604 (2021)] 
[Seungwoong Ha and Hawoong Jeong, Phys. Rev. Research 3 L042035 (2021)] 
[Han Zhang, Huawei Fan, Liang Wang, and Xingang Wang, Phys. Rev. E 104 024205 (2021)]

Outline of research 9



Outline of research

1. Time series data manifold and Noether’s theorem 

2. Deep neural networks and the manifold hypothesis 

3. Method to extract symmetries from trained DNN 

4. Method to estimate conservation laws from extracted symmetries

10

Theory

Method

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Outline of research

1. Time series data manifold and Noether’s theorem 

2. Deep neural networks and the manifold hypothesis 

3. Method to extract symmetries from trained DNN 

4. Method to estimate conservation laws from extracted symmetries

11

Theory

Method

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Time series data manifold and Noether’s theorem

Noether’s theorem： 
▶︎A theorem linking the continuous symmetry of Hamiltonian systems to 
conservation laws [Noether 1918]． 

If the Hamiltonian  and the canonical equation of motion , 

 are invariant with respect to an infinitesimal transformation 

, then the following relation holds with the conserved 
value . 

 

H(q, p)
∂H(q, p)

∂qi
= − ·pi

∂H(q, p)
∂pi

= ·qi

(q′￼i, p′￼i) = (qi + δqij, pi + δpij)
Gj

(δqij, δpij) = (
∂Gj

∂pi
, −

∂Gj

∂qi )

12

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Time series data manifold and Noether’s theorem 13

Time series data of a dynamical system in this study

D := {qi
ti, pi

ti, qi
ti+Δt, pi

ti+Δt}
N

i=1

(qt+Δt, pt+Δt)

(qt, pt)

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

=The set of possible states of the system in phase space and the state after seconds.Δt



14

 

 

∀E, {qt+Δt, pt+Δt, qt, pt H(qt, pt) = E, pt+Δt = pt −
∂H(qt, pt)

∂qt
, qt+Δt = qt +

∂H(qt, pt)
∂pt }

= {QT+ΔT, PT+ΔT, QT, PT H(qt, pt) = E, pt+Δt = pt −
∂H(qt, pt)

∂qt
, qt+Δt = qt +

∂H(qt, pt)
∂pt }

Symmetry of Hamiltonian system

Symmetry of time series data manifolds

Invariance of the Hamiltonian： ,  

Invariance of the canonical equation of motion：

H′￼(q, p) ≡ H(q, p) H′￼(Q, P) := H (q(Q, P), p(Q, P))

qT+ΔT = ∂H(qT, pT)
∂pT

ΔT + qT

pT+ΔT = − ∂H(qT, pT)
∂qT

ΔT + pT

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

Time series data manifold and Noether’s theorem

A time series data manifold that takes energy E at time t



Facilitating the problem: relaxing the requirement condition ∀E

 

 

∀E, {qt+Δt, pt+Δt, qt, pt H(qt, pt) = E, pt+Δt = pt −
∂H(qt, pt)

∂qt
, qt+Δt = qt +

∂H(qt, pt)
∂pt }

= {QT+ΔT, PT+ΔT, QT, PT H(qt, pt) = E, pt+Δt = pt −
∂H(qt, pt)

∂qt
, qt+Δt = qt +

∂H(qt, pt)
∂pt }

Si := {qt+Δt, pt+Δt, qt, pt H(qt, pt) = Ei, pt+Δt = pt −
∂H(qt, pt)

∂qt
, qt+Δt = qt +

∂H(qt, pt)
∂pt }

➡The goal is now to investigate the symmetry of the time series data 
manifold  at one specific energy  !Si Ei

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

Time series data manifold and Noether’s theorem 15

Discretization of energy

Necessary conditions

[Step1] 



Deep neural networks and the manifold hypothesis 16

Neural networks and data manifolds

h = (h1, h2, ⋯, hdh
)

wij

x1 x2 x3

h1 h2

φ(winx) = (φ1, φ2, ⋯, φdh
), φj = φ [

din

∑
i

(win
ij xi)]

(w11, w21, w31)

(w12, w22, w32)

x1

x2 x3

Activation function：φ(x)

Neural networks can model manifolds  
by pasting segmental hyperplanes.

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Summary of theory part

• If we know the symmetry of the time series data manifold  with respect 
to the coordinate transformation, we can estimate the conservation law. 

• DNNs can represent manifolds as a kind of hyperplane pasting. 

➡︎A trained DNN would model .

Si

Si

17

Si := {qt+Δt, pt+Δt, qt, pt H(qt, pt) = Ei, pt+Δt = pt −
∂H(qt, pt)

∂qt
, qt+Δt = qt +

∂H(qt, pt)
∂pt }

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Outline of research

1. Time series data manifold and Noether’s theorem 

2. Deep neural networks and the manifold hypothesis 

3. Method 1 to extract symmetries from trained DNN 

4. Method 2 to estimate conservation laws from extracted symmetries

18

Theory

Method

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Method 1 to extract symmetries from trained DNN 19

Esamp[X( ⋅ )] =
1
N

N

∑
i=1

{X(xi) − fDNN[X(xi)]}2

The set of symmetric transformations is obtained as the set of transformations 

 which satisfy: Q( ⋅ , ⋅ ), P( ⋅ , ⋅ ) Q( ⋅ , ⋅ ), P( ⋅ , ⋅ ) arg min
Q(⋅,⋅),P(⋅,⋅)

Esamp [Q( ⋅ , ⋅ ), P( ⋅ , ⋅ )]

P (Q( ⋅ , ⋅ ), P( ⋅ , ⋅ )) ∼
1
Z

exp {−
N

2σ2
Esamp [Q( ⋅ , ⋅ ), P( ⋅ , ⋅ )]}

Solve as sampling problem

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Implementing physics constraints or prior to Method 1 knowledge20

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

physics constraints or prior knowledge

P(a01, a02, a11, ⋯, a2d 2d) =
1
Z

exp [−
N

2σ2
Esamp(a01, a02, a11, ⋯, a2d 2d)] × q(a01, ⋯, a2d 2d)

q(a01, ⋯, a2d 2d) = { const . for detA = 1
0 for detA ≠ 1

▶︎Liouville's theorem (law of conservation of volume)

●Introducing physical constraints using a Bayesian inferential framework

P(a01, a02, a11, ⋯, a2d 2d) =
1
Z

exp [−
N

2σ2
Esamp(a01, a02, a11, ⋯, a2d 2d)]

Ax + A0 =
a11 … a1d
⋮ ⋱ ⋮

ad1 … add

x +
a01
⋮

a0d

[Step2] 



Method 2 to estimate conservation laws from extracted symmetries 21

(δqij, δpij) = ε
∂Qi(q, p, θ)

∂θj
θ=0⃗

, ε
∂Pi(q, p, θ)

∂θj
θ=0⃗

Infinitesimal transformation
Tangent spaces of manifolds  
of Lie groups  TIMinvariant

Minvariant ∼ {A(θ)(q
p) + A0(θ) θ ∈ ℝdθ}

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

A set of symmetric transformations Da := {(a01, a02⋯, a0 2d, a11⋯, a2d 2d)na
}Na

na=1

Manifolds of Lie groups



A′￼(θ) = (a′￼1(θ), ⋯, a′￼d′￼(θ)) := (a01(θ), ⋯, a0d(θ), a11(θ), ⋯, a1d(θ), ⋯, ad1(θ), ⋯, a2d 2d(θ))

f1(a′￼1, ⋯, a′￼d′￼) = 0
⋮

fd′￼−dθ
(a′￼1, ⋯, a′￼d′￼) = 0

Model the manifold of a Lie group in implicit representation.

Set of symmetric transformations

 ,      ,      (b1, b2, ⋯, bdθ
) ⊂ A′￼ {ck}

d′￼−dθ
k=1 := A′￼∖{bl}

dθ
l=1 ck = gi(b1, ⋯, bdθ

)

Da := {(a01, a02⋯, a0 2d, a11⋯, a2d 2d)na
}Na

na=1

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

22

(δql

δpl) = ε
A(bl)
∂bl A=I

(q
p) + ε

A0(bl)
∂bl A0=0

= ε

∂a1 1

∂bl
|A=I ⋯

∂ad 1

∂bl
|A=I

⋮ ⋱ ⋮
∂a1 d

∂bl
|A=I ⋯

∂ad d

∂bl
|A=I

(q
p) + ε

∂a0 1

∂bl
|A=I

⋮
∂a0 d

∂bl
|A=I

Estimating infinitesimal transformations  
from implicit function models

Method 2 to estimate conservation laws from extracted symmetries



Extract knowledge by exploring the noise parameter of MCMC 23

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

P(a11, a12, a21, ⋯, a2d 2d) =
1
Z

exp [−
N

2σ2
Esamp(a11, a12, a21, ⋯, a2d 2d)]

[Nagata and Okada 15]

MCMC sampling 
from the following simultaneous distributions

●Replica exchange Monte Carlo method [Hukushima and Nemoto 1995]

P(A1, A2⋯AL) =
L

∏
l−1

P(Al)

P(Al) =
1
Z

exp [−β
N

2σ2
Esamp(Al)]

[Step3] 



Result ：Collective motion 24

Model

[Couzin et.al  2002] [Mototake et.al  2015]

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Model

(q̃, p̃) = (q1 − q̄1, q2 − q̄2, p1 − p̄1, p2 − p̄2)
D = {q̃(ti)i, p̃(ti)i, q̃(ti + Δt)i, p̃(ti + Δt)i}

NRT
i=1

Coordinate

a11 1.0 a21 0 0
1.0 a12 a22 0 0

0 0 a22 −1.0 a12

0 0 −1.0 a21 a11

q1
q2
p1
p2

+

a01
a02

0.167 a02

−0.161 a01

Candidate transformation

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

Result：Collective motion 25



1.01 a2
11 + 1.01 a2

21 − 0.01 a11 + 0.00 a21 + 0.00 a11a21 = 1.00
1.01 a2

11 + 1.00 a2
12 − 0.01 a11 = 0.99

1.00 a11 − 1.00 a22 + 0.00 a22 = 0
1.00 a21 − 1.00 a12 = 0
1.00 a2

21 + 1.00 a2
22 − 0.01 a22 = 0.99

1.02 a2
12 + 1.00 a2

22 − 0.01 a12a22 = 1.00

δq = ε

∂a11

∂a21

∂a21

∂a21

∂a12

∂a21

∂a21

∂a21

q + ε

∂a01

∂a21

∂a02

∂a21

= ε

−1.01 × 2a21

1.01 × 2a11 − 0.01
A′￼=eI

1

−1.00
1.00 A′￼=eI

−1.00 × 2a21

1.00 × 2a22 + 0.01
A′￼=eI

q = ( 0 ε
−ε 0) q

δp = ε

∂a11

∂a21

∂a21

∂a21

∂a12

∂a21

∂a21

∂a21

p + ε

∂a01

∂a21

∂a02

∂a21

= ( 0 ε
−ε 0) p Gδ = ε(x1p2 − x2p1)

Extracted symmetries
Implicit functions

Infinitesimal transformation

Conservation lawConsistent with results  
suggested in a previous study➡ 

 [Couzin et.al  2002]

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

Result：Collective motion 26



Nonlinear symmetry: Runge–Lenz vector
The proposed method can be applied to nonlinear transformations.

27

(q1, q2, q3, p1, p2, p3) → (q̃1, q̃2, q̃3, q̃4, p̃1, p̃2, p̃3, p̃4)

Transform

(q1, q2, p1, p2)

(q̃1, q̃2, q̃3, p̃1, p̃2, p̃3)

Si := {qt+Δt, pt+Δt, qt, pt H(qt, pt) = Ei, pt+Δt = pt −
∂H(qt, pt)

∂qt
, qt+Δt = qt +

∂H(qt, pt)
∂pt }

H =
p2

2m
+

k
|r |

, k : const .

q = (q1, q2), p = (p1, p2)

[H. H. Rogers, J. Math. Phys. 14, 1125 (1973)]

[Y. Mototake, 2023]

Runge-Lenz vector

▶︎There is a possibility that the proposed method can find hidden symmetry or conservation laws.

https://en.wikipedia.org/wiki/Laplace%E2%80%93Runge%E2%80%93Lenz_vector


Summary and discussion

• We showed that candidates for the symmetry of Hamiltonian systems can be 
estimated from time series data manifolds. 

• It is suggested that the symmetry of the time series data manifold can be estimated 
from the trained DNN. 

• It was suggested that conservation laws can be estimated from the set of symmetry 
transformations obtained. 

• As the number of conservation laws increases, the possibility that the Jacobi 
matrix is no longer regular increases, and the estimation becomes more difficult. 

• As the dimensionality of the phase space increases, difficulties will arise in 
extracting symmetry using the sampling method. 

• In principle, the method can be applied to nonlinear transformations.
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