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My approaches for Interpretable Al in physics 2
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large-scale pattern dynamics
- from materials science to astrophysics -

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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Reduced Modeling of Large System

- Large-scale dynamics ~\

Plasma oscillation Molecular motion

'

Process of
SCIentlst Insights Scientist Insights
J reduced model
construction
[S. Tomononaga, 1955]
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Reduced Modeling of Complex Systems

—Large- scale pattern dynamlcs (non perlodlc but ordered) N

Swarming l\/lagnetlc Plasma turbulence Trafic Polymer

_ pattern domain (nuclear fusion) flow formlng y
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Reduced Modeling of Complex Systems 6

Random ﬁ Ordered

Random structure Non-periodic Periodic structure

NaCl crystal (wikipedia)
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Molecular motion of gas
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ML and Reduced Modeling 7

Swarming I\/Iagnetlc
_pattern domain

- Large scale pattern dynamlcs ~

Plasma turbulence
(nuclear fusion)
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flow forming
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Scientist Insights
+ Machine learning
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with Interpretablllty
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Interpretable Al for reduced coordinate search 8

Reduce coordinates

Timeseries dataset T
|Proposed methods|
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Input Data DNN Task. -
W —(Regressmn

|Conservation laws |

——— o [Classification
Spin SYStem J/J/ S
= 1% e m Generation
, Dvnami Preserved value, Order parameter | - y
1 N
m:NZNOai L=rxp
i—1

[Extracting conservation laws from a trained DNN|

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]




Outline of research 9

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

P The purpose of the proposed framework is not to analyze
physical data with deep learning but to extract interpretable
physical information from trained DNNSs.

P With Noether's theorem and by an efficient sampling method,
the proposed framework infers conservation laws by extracting
the symmetries of dynamics from trained DNNSs.

P The proposed framework is developed by deriving the
relationship between a manifold structure of a time-series data
set and the necessary conditions for Noether's theorem.

Related researches refering our study:

[Ziming Liu and Max Tegmark, Phys. Rev. Lett. 126 180604 (2021)]
[Seungwoong Ha and Hawoong Jeong, Phys. Rev. Research 3 L042035 (2021)]
[Han Zhang, Huawei Fan, Liang Wang, and Xingang Wang, Phys. Rev. E 104 024205 (2021)]




Outline of research

Theory

1. Time series data manifold and Noether’s theorem

2. Deep neural networks and the manifold hypothesis

Method
3. Method to extract symmetries from trained DNN

4. Method to estimate conservation laws from extracted symmetries

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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Time series data manitold and Noether’s theorem 12

Noether’s theorem -

P A theorem linking the continuous symmetry of Hamiltonian systems to
conservation laws [Noether 1918].

— . . . 0H(q,p) .
If the Hamiltonian H(q, p) and the canonical equation of motion P = — D,
qi
oH(q.,p) ., . . . o .
o = ¢; are 1nvariant with respect to an infinitesimal transformation
i

(q;»p}) = (q; + 6g;, p; + Op;)), then the following relation holds with the conserved
value G.

s 0G;  0G;
D=\ g

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Time series data manifold and Noether’s theorem 13

Time series data of a dynamical system in this study

=The set of possible states of the system in phase space and the state after Arseconds.

N
. N i
D = {qt,-’p 1 qt,-+At’p t,-+At}

=

N points

(@11 a0 Pivar)

(q,D,)

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Time series data manifold and Noether’s theorem 14

Symmetry of Hamiltonian system

Invariance of the Hamiltonian : H'(g,p) = H(g.p), H(Q,P) := H (¢(Q., P),p(Q, P))

-

oH (qT, )4 T)

| | _ _ AriaT = o AT +qr
Invariance of the canonical equation of motion - < SH G p)
T T
Priar = =~ ~ 5, AT +pr

"The transformation of the (2d + 2)-dimensional space
(q, p) is defined as

c: I'xRxR—TxR xR, 5)

(q,p) — (Q,P) = (Q(q, p), P(q, p)), (6)

Symmetry of time series data manitolds
A time series data manifold that takes energy E at time t

\
/ 0H(q,.p,) 0H(q,.p,)
VE, { QuapPune P | H@uP) =Eppn, =P — —————qun =@+ ———— ¢
0q, op; )
\
oH(q,,p,) OH(q,,p,)
= {QT+AT’ Pt Or.Pr | Hq,p,) = E.pin;=D;— 6qt t sGint = 4 T Opt t >
t t J

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Time series data manifold and Noether’s theorem 15

Facilitating the problem: relaxing the requirement condition VE

0H(q,.p,) oH(q,,p,)
VE, § 9inpPrinr9:P; | HG,p) = E,piip, =D, — #’qHAt =q,+ m
aq, op,
oH(q,,p,) oH(q,,p,)
= {QT+AT’ PT+AT’ QT’ PT H(qt’pt) = E’pt+At =D;— %’qt+At =q;+ 9 —
= q: D

Discretization of energy

b,

{Qi(q, p), Pi(q, p) | Vi € A, satisfy Eq. (32)} = () {Qi(q. p). Pi(q, p) | satisfy Eq. (32)}.

IEAE

0H (q;, pr) aH(‘lt,Pt)}

H(q:, p:) =Ei, Pi+ar = P: — s Qrear = ¢ +

aqt apt

{Qz+At, Pt+Ars Qe s Pr

0H(q;, p;) 0H (q;, pr)
H(Q, p) = Eiy Praar = Pr — P =g+ A P } (32)
8qt 3Pt

= {QT+AT, Priar, Qr, Pr

[
Necessary conditions

)\ 4

0H(q,,p,) 0H(q,,p,)
Si =X QinpPrinr9sP; | HGuP) = EsPrpns =D — — s Qrpnr =4 T —
aq, ap;
= The goal is now to investigate the symmetry of the time series data
manifold S; at one specific energy E, ! [Stepll

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Deep neural networks and the manifold hypothesis 16

Neural networks and data manifolds

h h
— (hlah2a B hdh) 1 2
i din |
PW"x) = (1, @y, -+, Pg) P; = @ Z <Wi1jnxi) Wij
Activation function : ¢(x) X X, X

sigmoid tanh RelLU

= (W12, W, W33)
, X2
RSN N N\ TR [Basrietal. 16] | i .
Neural networks can model manifolds X1

by pasting segmental hyperplanes.

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Summary of theory part

e [fwe know the symmetry of the time series data manifold $; with respect
to the coordinate transformation, we can estimate the conservation law.

0H(q,,p,) 0H(q,,p,) }

H(q,.p,) = E.,pipn, =D;— s Qiin: = q; T
aq; ap,

S; 1= {qt+At’pt+At’ q:D;

e DNNs can represent manifolds as a kind of hyperplane pasting.

= A trained DNN would model §..

Y

BN O R [Basri et al. 16]

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Outline of research

Theory

1. Time series data manifold and Noether’s theorem

2. Deep neural networks and the manifold hypothesis

Method
3. Method 1 to extract symmetries from trained DNN

4. Method 2 to estimate conservation laws from extracted symmetries

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Method 1 to extract symmetries from trained DNN 19

1 N
Esamp[X( )l = N Z {X(xi) _fDNN[X(xi)]}2
i=1

\\
Nl

W

The set of symmetric transformations is obtained as the set of transformations

N

Q(-,-),P(-,-) which satisfy: 1 Q(-,-),P(-,-)| arg min Eg, [Q(-,- ), P(-,-)] ¢
QC,),P(-,)

J

N

P(Q(-,-),P(°,°))N—€X samplQ( (,)]}

* Solve as sampling problem
o] -
z P\ 22

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Implementing physics constraints or prior to Method 1 knowledge20

@®Introducing physical constraints using a Bayesian inferential framework
1 N
P(ay, agp, a1, 5 rq04) = ~ eXp [_T._zEsamp(aODaOZ’ dyp, s Uy 2d>]

all e e ald aOI
Ax +A0 — E ., E X + E
I gy --- Yqq Aoq

|physics constraints or prior knowledge|

1 N
P(ag, agy. ay1, ++ Gag24) = ~ AP [ 752 Eqamp(@o1» dgos A1 > Ay 24)
const. for detA =1
41 aaazd) = g for detA # 1

P Liouville's theorem (law of conservation of volume) [StepZ]

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Method 2 to estimate conservation laws from extracted symmetries 21

' 1 . Na
A set of symmetric transformations D, := {(ay, gy **» dg 245 all---,aww)%}%=1

060

as] al
Manifolds of Lie groups

N r A
an(q’pvo) aPz(qvpaa) q
(O OPy) = | € 00; € 00 Minvariant ~ {A(H) ( p) + AO(H)‘ S [Rde
J 05 J 0§ »
Tangent spaces of manifolds
JnflnlteS|mal transformatlonJ . of Lie groups T)M,,........ )

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Method 2 to estimate conservation laws from extracted symmetries 22

Set of symmetric transformations

[ Je— Na
D, := t(ag1, oy s Ao o G117 Gag2a)n, b,

L 4

-
Model the manifold of a Lie group in implicit representation.
( filal, -, a,) =0

N

/

. fd’—dg(ai’ B ad’) =0

A'0) = (01(9), "t a(’l,(ﬂ)) = (am(a), "t aOd(H), 6111(0), "t ald(ﬂ), "t %1(0), "t azdzd(o))
. J

b 4

g Estimating infinitesimal transformations h
from implicit function models
( 0a, | | da, | \ (da,, \
“ob, A=l T T lA=I “ob, A=I
s\ ABY| gy Alb) a o q i
=€ ( ) + € =& : . : ( > + £
op, ob, p ob, da da p da
A=I Ap=0 J| ﬂ| ﬂ|
\ ob, A=I ob, A=I ) \ ob, A=I )
. (bpby b)) CA',  {ei o =AN{BYY, o =giby.-.by) )

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Extract knowledge by exploring the noise parameter of MCMC 23

1 N
P(allaalz’a21""’a2d2d)=Eexp 552 Eqamp(@11, @12, Ao+, Grg29)

oRepIica eXChange Monte Carlo method [Hukushima and Nemoto 1995] 1‘0(.)—“0353'452
. Z:O
S
| -Lof , ]
P(Al) — Eexp[ :B 52 samp(Al)] (a) _l ail |
(b) A Ooise—1.063
MCMC sampling g o f \’;
from the following simultaneous distributions N
. (c) - 61611
P(A! A2...AL) = HP(AZ) ‘
I—1 nonse_o' 167
* S
(d)'@ i a11

[Nagata and Okada 15] [ S tep 3 ]

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Result - Collective motion

y. Model

N\
Reynolds model [Reynolds et al. 86]
(_
A A A
Separation: Alignment: Cohesion:
Steer to avoid crowding Steer toward the average Steer to move toward the average
local flockmates heading of local flockmates position of local flockmates
dv - = =
dt — * separation + F alignment + F;'ohesion
N\ 7

Dynamic Parallel

“Fie

[Mototake et.al 2015]

[Couzin et.al 2002]

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Result - Collective motion
y. Model

N\
Reynolds model [Reynolds et al. 86]
=
A A A
Separation: Alignment: Cohesion:
Steer to avoid crowding Steer toward the average Steer to move toward the average
local flockmates heading of local flockmates position of local flockmates
dv — — —
d = separation + F alignment + thesion
N\ ! 7
Coordinate
~ ~ = ~ N T
- D = {q();,p(1);, q(t; + A, p(t; + AD); 1.
PN - » o _ _ _ _
T ST o @.P) = (91 = 41: 9 — G- P — P1>-P2 — P2)
s " ‘V\
ﬁ' » v W “}’ - R
o X ‘;. ¢ Candidate transformation
- ﬂ\' 4‘54‘ ‘ 4 ( all 10 a21 O O ) (ql\ ( ClOl \
“\;e 1S ,::4' 1.0a,, a 0 0 1 I
-
b s 0 0 ay, —10ap,||P1 0.167 ay,
> - L0 0 —10ay a J\P2) \-0.16lay,

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



Implicit functions

1.01 af; + 1.01 a3, — 0.01 a;; + 0.00 a,; + 0.00 a;,a,; = 1.00

1.01 @ + 1.00 a2, — 0.01 a;, = 0.99
1.00 @, — 1.00 ay, + 0.00 a,, = 0
1.00 @y, — 1.00 a;, = 0

1.02 a, + 1.00 a3, — 0.01 ayya,, = 1.00

1 1 1 100
(':‘l 0 g 0 g 0 0
S A S ¥ S
ail all
~ 1 . . g 1 S 100 100
0 x 0 o [t o SRR
S \ S S
azi azi
§ 0 §> o §> OH OH
-100 . -100 —1oo[l . ’ -100 | _
a2 a2
( —1.01 X 2a,,
(oay  day | (day, ) 1.01 X 2, — 0.01
. ap — .
6q — ¢ 0a21 6a21 0a21
oa;,  0ay 0ay, ~1.00
\5021 day, ) \5021 ) 1.00 A=
\ I
( day;  day ) ( da, )
5p — e day  day, 0ay, & p
day,  Oay ddy —e 0
\aa21 day ), \aazl ),

Infinitesimal transformation

—1.00 X 2a,,

\

que
—80q

1.00 x 26122 + 0.01

Consistent with results

A/:€I)

Conservation law

suggested in a previous study=» Gs = €(xX;py —X,p1)
[Couzin et.al 2002]

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]




Nonlinear symmetry: Runge—Lenz vector 27

[Y. Mototake, 2023]

The proposed method can be applied to nonlinear transformations.

H= + , k : const.
2m  |r|

q=(01.9),p = (p,.po)

0H(q,, p,) oH(q,,p,)

H(q.p) =E,Prn =D — Ta 9isni = 4q; +
t

S; = {qt+At’ Piiar 4 Dy

(QI’ QZ’ Q3’p19p29p3) — (éla qza 63, 5]4,151,]52,153,[74)

1.00}

-0.5

0.0
g

0.5

60

1.0

-50 0 50

(q1> G2, P15 P>) n

»| Transform

-~ _ 9 4qp - _ _ Po

qg=4@q.p): ial ey 2R qs(q.p) : 1P

. 2p0 . . p* - pi

P=P@.p) =55, Ps=Paq.p)i= 5,
Pyt P Pyt P

[H. H. Rogers, J. Math. Phys. 14, 1125 (1973)]

Runge-Lenz vector
A = p XL — mGL,
llqll2
L=gqXp,

N

(41> G2> 43, P15 D2> D3)

CXyt

P There is a possibility that the proposed method can find hidden symmetry or conservation laws.



https://en.wikipedia.org/wiki/Laplace%E2%80%93Runge%E2%80%93Lenz_vector

Summary and discussion

We showed that candidates for the symmetry of Hamiltonian systems can be
estimated from time series data manifolds.

It 1s suggested that the symmetry of the time series data manifold can be estimated
from the trained DNN.

It was suggested that conservation laws can be estimated from the set of symmetry
transformations obtained.

As the number of conservation laws increases, the possibility that the Jacobi
matrix 1s no longer regular increases, and the estimation becomes more difficult.

As the dimensionality of the phase space increases, difficulties will arise in
extracting symmetry using the sampling method.

In principle, the method can be applied to nonlinear transformations.



