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Our laboratory

HITOTSUBASHI
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Research Themes: Data-Driven Science, Interpretable Al,

Machine Learning

S Data Driven Science Group

\\ -

Phenomena with complex spatiotemporal
patterns that cannot be described by

statistics or periodicity (Pattern Dynamics)

.

Machine Learning

-

Interpretable Information

-

Laws / Theory

/

[ Target Phenomena]
Pattern dynamics across various fields

~

Mototake Lab.

[ Methodology Keywords]

Physics-informed ML, Bayesian modeling (Singular Bayesian theory), Topological data analysis

Laboratory organization (6 staff members, 6 students)
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Background: ML collaborating with Scientists

Phenomenon Scientist

Interpolation and prediction  Extrapolation through abstraction

Modeling
TI® | LG N A Theory of gases Generalization
i e PV = nRT Universal principle
Steam engine ‘ S — g
T
Extrapolation
Thermochemistry G = HL
K=A exp(_ If_;) Knowledge
Prediction transference
Chemical industry
Willard Gibbs

[BAR%, TTVhOE—ZHCBER , 2014]
[ EF D0, TRERIELE R DR , 2008]
[KEe=EFEam [HA 1942, 1966]]



Background: ML collaborating with Scientists 6

Phenomenon Machine learning Human

Interpolation and prediction  Extrapolation through abstraction

PNEIESEZS iy | =

Modeling
Generalization
.;-' y .';'::: (®) - ‘
] - l“ . {9;):;'\11 —\- ! d),
UP) 4R
$=_>":"
Interpretable
Information )

NEDO Project Success Story (@) 7Lb

dislocation
line

http://www.numse.nagoya-u.ac.jp/
P6/kobashi/img/file20.pdf



http://www.numse.nagoya-u.ac.jp/

How to define interpretability?

| 7=—=:
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2022%2H9H (K) 13:00~18:00

) takashi ikegami @alltbl - 5515H

LLM.

Can interpretability be defined absolutely?
H236[ERR / HEEMESVHHMIEMREI «—Magnetic Materials Research Meeting

RE https://www.magnetics.jp/event/topical_236/

Since spectra have been observed by measurement since
< there were no computers, the "interpretation” of the structure
of the Fourier spectrum may be the result of empirical and
experiential learning of the correspondence between the
structure and the spectrum in the original space.

bhofc. bhdb, TODEZIEABRREDLEETH D, LLMTIEENE

—The mental process of “understanding” should be the work
of the sense of internal organs and cannot be created by the

for whom is the interpretability?

Who? Domain experts/users of the model (e.g. medical doctors, insurance agm’lts)J ?

Why? Trust the model itself, gain scientific knowledge ) (7
Who? Users affected by model decisions Who? Regulatory entities/agencies
Why? Understand their situation, verify | 7 Why? Certify model compliance with the|?
fair decisions... 2]\ legislation in force, audits, ... (22
LR EgaaN
Target audience /
in XAl @

Y

7\

Who? Data scientists, developers, product owners... Who? Managers and executive board members

Why? Ensure/improve product efficiency, research, |7 Why? Assess regulatory compliance, understand ?
. oy s e . . o

new functionalities... corporate Al applications... ] H\:%

i<,f’>}9\33
[Arrieta, Alejandro Barredo, et al., Information fusion, 58, 2020.]

D 1Itis difficult to define "interpretability" in general. The first step is to observe the process to realize "interpretability"'.
g




Like Tycho Brahe 8

Tycho Brahe Johannes Isac Newton
Kepler
7 O . i \O\ g ) B
/ \ / h
\
¢ O
\\O /O
e “*i"U/niversal
gravitation
Observed and Fitted the Discovered the
recorded observed data underlying truth
massive amounts to empirical laws from the laws
of planetary positions

[The figure was created based on ‘causal inference’ by Taku Kanemoto.]

Observing scientists' data-driven interpretation of complex phenomena to identify
common problems and develop information science approaches to solve them.




Like Tycho Brahe 9

(O Observing the process of understanding using machine learning

Ceramic Composite Nuclear fusion

1 structural materials [ . Materials i
X MHEZF £3R (ZRiSHH)
FERE BIR (RX) L e 08 GERIAA) [T srrmm g (SAs)
AT WPIR (NIMS) o s R
AFiE—HE #iR (BHHK) JNARME— S oo
/ ERARE £¥iiR (BEFKXF)
Polymer Materials My research project N .
d Astrophysics
EMER Y9 —& (BILR) an
B #ig (J-Parc/KEK) collaborators TTRSS HEHIR (%E_chi)
RAEESE FHEEBIR REX) BHEFT #£3i% ("EAXE)
F—— " _|Information science| | Applied mathematics ||
niorma
on e ASFER 308 (I EET FE 2
HOE5. ZR(FRRA) KER= EERERS (NIMS) KH—TF #iB(RILK)
N e SEL 226 BITRY BER(—EX) — Nuclear Physics |-
Driving a car (X ZFETEREX) REEZX B (FRER) —EE— #%E (KEK)
\ Neutron beam measurement Physics L / .
Social Media Marketing [~ =il E# Z{EH%E (J-Parc) KR8 208 (N le;:;‘;;;fs"f
SNSH I BE SIEEHEE (J-Parc) || TEHME #£#8 (BFX/FRILX)
| IRH—ER #iE (REX) D .
~ ynamical
Autonomous Al society History E7RIE Bk (KIRX) system




My approaches for Interpretable Al in physics 10

Our approach to interpretable Al \Part IHPart ”‘
1 Complex |
phenomenon Deep neural network-type approach
"], Cons: low interpretability
dynamics % A\
“ extract Interpretable

N physical information
=¥ from DNN
[ Brunton, Steven L.. 2019]

model

[Partl]<__~

Basis function type approach

S =
o) -
. Interpretable o a
Bayesian and A RE:
inference high expressive : s
S| |2
A

-

“ ‘ I ¢ = Cons: Poor expressive power
ZZ Construction of a reduced model : ;
Z'_Z3 i based on
' °l topological data analysis

Z %

[SteverrL. Brtinton et al., PNAS, 2016]




Interpretable AI in DNN (Black box) type approach 11

Model
simplification

X —»

Black-box
model

M, -y

x = (z!,...,2")

X

input instance

Feature
relevance

Grad-CAM

Elevator Door

Yi
- ,\ [R. R. Selvaraju et al., [EEE ICCV, 618-626, 2017]

-

"

for the model:”

Explanatory examples

- XA YA

-XB = YB
- Xo = yo

-

Vi

/

-
—

[Arrieta, Alejandro Barredo, et al., Information fusion, 58, 2020.]

P In physics, do we want to ultimately express a physics law by combining elementary functions?




Interpretable AI in DNN (Black box) type approach 12

OSimplification of DNN by symbolic regression [Cranmer, Miles, et al., Neurips2020]

S1 = (ml, Vl’ 1'1, ql’ .« )
State space of particle 1

el (S, _:52) (S5, §S3)
| 1] 1]

g

Simple Particles

‘ e Interaction laW
2
. - OO W
Interaction between 2 and 3 [
Input graph G = (V, E) with el ez

nodes (e.g., positions of particles) V = {v; }i—1.nv; V; € ]RLU, and
edges (indices of connected nodes) E = {(rx, sk ) }k=1:N¢; Tk, Sk € {1: N"}.

Compute messages for each edge: e}c = ¢°(Vr,, Vs, ), jj
e, € R | then (Sb Z ek)

sum for each receiving node i : &, = > e}, AL
e 1N} e

! i o o o
—/ L°¢ ; M
e, c R™ . . .
L , Equation of motion
Compute output node prediction: v; = ¢"(v;, €;) —
vl » | |
v, e R,

/

A&




Interpretable AI in DNN (Black box) type approach 13

OSimplification of DNN by symbolic regression genetic programming
o +
[ 11 ° x/\y ______ x/\z |
5 . (@ mutation
g % ° progn progn
Interacti VAN /N |
eraction law @ e @ @ . e 2 « < 2= .
(w . () retrogradation
progn progn ~
gj incf setq print incf X print
[ ] r VAN | |
(2'2 ) <H)) +(70%cosm) oD :
[https://en.wikipedia.org/wiki/Symbolic_regression] — progn
T T
setq sqrt decf setq sart decf
A T AN T
. P > X 2 X X X 2 X setq
Spring : Uiz = (1], — 1) A
Damped : Ui = (13 — 1)2 +ry-11/N ©) crossing over * %/
Charge : Ujs = q1q2/715 [from HP of Iba Lab.]

/ [Koza, John R., Statistics and computing 4.2 (1994): 87-112.]
. . . 0, r12 < 2
Dicontinuous : Uy = , 1)2 5 9
(ri2 —1)%, 722



Interpretable AI in DNN (Black box) type approach 14

[Cranmer, Miles, et al., Neurips2020]

(OSimplification of DNN by symbolic regression

Consider dark matter halo as a particle, we want to
know the law of the excess amount of matter around

5 = p—(p)
dark halo: {p)
" eailed |
Dark Matter Simulation
Test Formula Summed Component < 8;i—di >

.= Constant 32 = (C N/A 0.421
© Simple b= Ci+(Cot MiCes  e; =S 1<% 6, 0.121
2 Best, without mass 0; = C1 + o +Csez|vz| j#i Cat(Calm

Z 5, = CyF1M;

Best, with mass

Crt oxéamn T £ajF1 Cy4(Co[ri—r;])C

Table 2: A comparison of both known and discovered formulas for dark matter overdensity. C;
indicates fitted parameters, which are given in the appendix.

P Discovered a novel law that better describes the phenomenon
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Uncertainties in Physics-informed Inverse Problems:
The Hidden Risk 1n Scientific Al

[Y. Mototake, M. Sasaki, arXiv:2511.04564]

[Y. Mototake, M. Sasaki, 15th Fusion Energy Alliance Meeting 2024 ]
[Y. Mototake, M. Sasaki, Japanese Joint Statistical Meeting 2024 ]

Yoh-1chi1 Mototake

Hitotsubashi university

Makoto Sasaki

Nihon university
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Topics

1. Physics-Informed Machine Learning and Scientific Discovery

2. Hidden Risks 1n Scientific Discovery via Physics-Informed
Machine Learning

3. Examples of Risks and How to Deal with Them



Scientific Discovery via Physics-Informed Machine Learning

O Physics informed ML

17

—Physics informed ML 1s a framework that integrates physical laws or governing equations into
machine learning models. [Karniadakis, G. E. et al., Nature Reviews Physics, 3(6), 422-440.]

Small data Some data Big data

Data

Physics

Lots of physics Some physics No physics

[Karniadakis, G. E., Kevrekidis, I. G., Lu, L., Perdikaris, P., Wang,
S., & Yang, L., Nature Reviews Physics, 3(6), 422-440, (2021)]

Inference

Optimization

Loss function

Architecture

Data

Strong Prior

PIP
(Yiet. al.)

PhyIR
(Liet. al)

PINN ‘

(Raissi et. al.) HNN IN
(Greydanus ct. al (Battaglia et. al.)
NeuralODE T
(Chen ct. al.)
GNN

(Kipfet. al.)
DeepONet

(Luet. al.)

Symmetry Intuitive Physics

(b)

PDEs ODEs/SDEs

Week Prior

[Hao, Z., Liu, S., Zhang, Y., Ying, C., Feng, Y., Su, H.,

& Zhu, J., arXiv:2211.08064, 2022]

Advantage:

learning model.

[t can achieve high prediction accuracy with a small amount of data.
It provides higher interpretability than modeling the entire data with a black-box machine




Scientific Discovery via Physics-Informed Machine Learning 18

O Physics informed ML

i.e. Physics-informed neural networks (PINN) [Raissi, M. ct al.J. Comput. Phys., 2019.]

The governing PDE is typically of the form 4 [u, v](x) =0, x € RYx [0,T], where
A is a nonlinear differential operator derived from physical laws, u : RY - R is a
sufficiently smooth function representing observation values, v : RY - R is a
sufficiently smooth coefficient function of PDE, and x := (x, ) € R4 x [0,T].

Zz (Hu’ ev) =Z data(eu) T )“pdeg pde(ew ev)’

1 & 2
where Z 34¢4(0,) = N Z H Uy(X;) — u; H ,

i=1
where ueu(x) and vev(x) are neural network models parametrized by 6.

Neural Network Physics-Informed
- - N
(95—l o)
~\ /1~ "
P \ “',‘. : —
" Iy
|\/] /| x|
\ A/ > ?¥/
X galav H
iy—n:':‘ \./
\ '/‘//'\\
#

(% )
ya - \“ E “““ ,"““ A _:v‘ “.“ v 1 N ““
(AW AW RN,
\ ) ;\'-».,&_ \ Y ) ) ' \ /

4 (‘ l -/ N Loss ‘ ( gyz )
............. - (0 el \ /
N \v/ o () N

[Z. K. Lawai et al., 2022] ‘«— c.
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O Physics informed ML

i.e. Hamiltonian neural networks [S. Greydanus, et al., NeurlPS, 2019]

Ideal mass-spring system JHamilton equation of motion with deep neural networks H,

| ] aHg
§ lq q 0 1 %
m p = mq p —1 O 0H9
dp
( Noisy observations
/S S .
o776 FITONN
1°;,fz:33§;§
0.5 1 .’ /
o |l s\
00118t + . ., “L}
NN — S
N YA AP By
NN (alr) 2] e

—1 0 1
q

Hamiltonian function

Train deep neural networks /, based on Hamilton equation of motion with

| OH, | OH,
LONN = op

Interpretability—



Topics

1. Physics-Informed Machine Learning and Scientific Discovery

2. Hidden Risks in Scientific Discovery via Physics-Informed
Machine Learning

3. Examples of Risks and How to Deal with Them
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Observation data ML Modeling Prediction results

s A ( s | o )
Geocentrism s N\
(@ \'"/\'\
TRER RN )//!

N

;éfs&\q
UNRY !]

/]

Train

\l [ \ f |
Predict .\‘\s&\\;-\\\
\

stargazing

Heliocentrism

\ |
|

N\
N

, 77200\
2z 2mni

W%

i —=
‘I((/('/\ll‘// z N
\ N\

/ |
I ) /
% Wl
/ /'
/; 7

Heliocentrism 1s correct!?

Train

P There are Hidden Risks in Physics informed ML



The Hidden Risk 1in Physics Informed ML 22

Three types of uncertainties How to deal with

[Alexandre René and André Longtin., Nature Communications, 16(1):9393, 2025]
[Peter F. Pelz et. al., “Types of Uncertainty”, Springer International Publishing,, 2021]

1. Data uncertainty

A A

o Increase the amount of data
o’ Change how data is collected

2. Model unc:ertainty>

—Uncertainty due to
model mismatch

Improve the model

3. Structural uncertainty
f(‘x; Wtrue) — f(‘x; W)

P 1t is important to classify uncertainties and evaluate them in advance.

Add physical constraints
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Definition [Structural Uncertainty under a PDE Constraint]

Let a : Q — R denote the true underlying function, and let ™ be the

corresponding state satisfying /4 (u*,a) =0 on Q. We say that structural

uncertainty with respect to a(x) arises if there exists another function
a(x) #Z a(x) such that /(u™,4) =0 onQ.



Theorem

Let consider m-th PDEs of the form

Z qoo(f )(x, u(x), ou(x), 0*u(x), ...) - 0%((x) = CO,
a€A,,,
where C is constant, ¢ = 1,...,L, and gpo(f ) is an arbitrary scalar function,
As,, =1la|m<|al},m>k, and 0 u(x) represents the arbitrary set of k-th-order partial
differential coefficients. That is, PDEs are linear in 0%a(x).
Assume that PDEs have a k-leaf set S,ieaf in their equations. Discretize €2 on an infinitesimal grid

with spacing € > 0, and denote the grid points as x> € R? fori = 1,..., N. For each grid point,
consider the discretized PDE system:

Z goo(f ) (x(l-), U(x;)> OU(X), Ozu(x(l-)), ) %a(x;) = C((l.b;), £ =1,...,L.
a€A,,,
Then, by stacking the equations across all grid points, we can represent the system as a linear
system: M - a = ¢, where a € RM2#"N 5 the vector of derivatives of the coefficient function
a(x), M € REV¥I42.IV {5 the matrix constructed from qaé’“ﬂ ) and ¢ € RM=xI"N i the vector of

constant values.
Then, the following statements are equivalent:

(1) rank(M) = rank([M c]) = |A,,, [N
(11) The k-th derivatives of coefficient function a has no structural uncertainty.
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l.e. Hamiltonian system
Let the canonical variables be denoted by (¢g,p)" € R*, where ¢ =(q,, ...,q,)' are the
generalized coordinates and p = (p,, ...,p,)" are the generalized momenta. Given the

Hamiltonian function H(g,p), the canonical equations of motion (Hamilton's

equations) can be expressed in matrix form as

(dq\ (a_H\

de | _. q . 0 In oq
ap | "\p/) -1, 0) |

\dr <2

The equation on an infinitesimal N grid space is written as

0 Iy,
M - a =c$, where$SM = ,

a_(a_H oH oH oH

T : L AT A
0 9 I ...,?N) $, and$c = (ql, ceesns P> ...,pN) . Since rank(M) = 2Nd, the

necessary conditions are satisfied such that the Hamiltonian function H(q,p) iIs

uniquely determined, except for the indefiniteness of the constant.
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i. e. Lagrange system
Let the generalized coordinates be denoted by ¢ = (g, ..., g,)".
Lagrange's equations of motion can be written in matrix form as

(oL

. d oL oq

P = (0 Id) oL

dt dq oL

\ % )

The equation on an infinitesimal N grid space is written as M - a = ¢, where M = (0 I/ Nd) ;

T
oL oL oL oL . N T
a—= (a—ql, 0 oge o ...,W.N, ) $, and ¢ = (pl, ...,pN) .

Since rank(M) = Nd < 2Nd, the Lagrange function L(q, §) is undetermined.

The reason the Lagrangian cannot be determined 1s that the information corresponding to the part of

oH
the canonical equation of motion in the Hamiltonian system, ¢ := = 1s missing in the Lagrange

P
system.

Since one physical constraint for estimating the coefficient function has disappeared, the Lagrange
function 1s not determined.

This missing information corresponds to the definition of the generalized momentum 1n the Lagrange
oL

9
In fact, adding the definition of generalized momentum to the Lagrangian equation of motion leads to
the satisfaction of the necessary condition, rank(M ) = 2Nd, for the Lagrangian to be uniquely
determined.

system, p =
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Three step framework to The Hidden Risk in Scientific Al

(" )
Step 1 (Diagnose): estimate rank/deficiency of M before ML training.

Step 2 (Constrain): add physics (symmetry, gauge fixing, boundary 1nfo) to shrink
ker(M).

Step 3 (Sweep): vary constraint strength A and inspect solution families (don’t

tune by prediction loss only).
- ),
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1. Physics-Informed Machine Learning and Scientific Discovery

2. Hidden Risks 1n Scientific Discovery via Physics-Informed
Machine Learning

3. Examples of Risks and How to Deal with Them



Zonal flow system 1n nuclear reactor

o Plasma turbulence interacting with Zonal flow can maintain a plasma state:

Heat transport by turbulence

ETG (streamer dominated) at t=129.6

60
40

@
| h:-._
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-20

-40
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[provided by Prof. Nakata NIFS]
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- 10

50 100

[provided by Prof. Nakata NIFS]




Reduced model of zonal flow system 30

o Wave Kkinetic theory of vortex in plasma turbulence interacting with Zonal flow

[A. I. Smolyakov; P. H. Diamond, Phys. of Plasmas, 1999]
[A. I. Smolyakov, P. H. Diamond, and V. I. Shevchenko, Phys. of Plasmas, 2000]

Hamiltonian of vortexes interacting with Zonal flow V (x, 7) *

k
H(x, k., t) = Hy+ bk V.(x,1
(6 Ko 1) = Ho I +k2+k2 7 1 9)

Time evolution equation of zonal flow -

wVyi(g.n P [dp pk,I(q,p, 1) 0*V,(q,1)

= +
o og SENEW

1+p2+ ky2>2

Time evolution of intensity of vortex /(q, p):

ol(x, k., 1) . OH(x, k1) ol(x,k.,t) OH(x, k1) ol(x, k1) e
ot ok ox ox ok,

X X

9

C:=y(plx,k.t)— Aoll(x,k,, £)]?: linear growth + growth restriction of turbulence:

5 5 ( 2)

k(p~+ k) k,

yi(k,) = exp|—| — ,D, Ak = const.
D(1 + p? + ky2)3 Ak

\ )
Aw ¢ Width of spectrum of I(x, k)

P 1t is difficult to design a Hamiltonian that precisely fits the experimental data



Reduced model (Hamiltonian) estimation of zonal flow system 31

o Wave Kinetic theory of vortex in plasma turbulence interacting with Zonal flow
[Y. Mototake, M. Sasaki, arXiv:2511.04564]
I(x, k,, 1)

Phenomena Observations

) —

T

> X al(x k ) aH(x k.. 1) al(x k.. 1) aH(x k.. 1) al(x k)|
Hamiltonian
,. xWave kinetic theory
DNN (Hamiltonian) /

Using for Hamiltonian design




Proposed framework 32

O Setup of training dataset [Y. Mototake, M. Sasaki, arXiv:2511.04564]

(xia k])

ol(x,k,,1),0I(x, k1), dkxl (x, ky, 1), C(x, k, 1) is calculated numerically from /(x, k, ?)

; TWe know the true Hamiltonian

[Dataset] ki=k,
D = {atl(xi, ki, 1), 0,1(x;, ki, 1), O 1(x;, K, 1), C (x5 K l‘)‘ 1€ [0,N_],] €[0,N],t = tl}




Proposed framework 33

O Loss function of DNN Hamiltonian

[Y. Mototake, M. Sasaki, arXivi2b11.04564]

[Dataset]

D — {I atl(.xl, ]Cj, ti,

01(x, k, r)” 0uI(x; k. 4, Cliy k)| 1 €10, N, j €10, Nl 1 = 7

( ' 3 Time derivation of /(x, k, t) following the DNN Hamiltonian H

F 0016 K ) = = OHlnn (3, K, 00,108, K, 1)+ 0, Hano(6, K, 00,106 o0 + Cl )
C ) T

(X [k |
[Loss function of DNN]
(Learn Hamiltonians at certain time t)

2

Loss(w, ) = Y {|a,1(x., k. 7| — [—ddenn(xi, K T3 Wannl 05, Koy D0, Hyon (3 K, 7 wo Nou1Ge k. ol+cc K, T)‘ }

xVk,




Result 34

O Verification results for simulation dataset in which the true Hamiltonian is known
[Y. Mototake, M. Sasaki, arXiv:2511.04564]

.W/.O constraint

Red contour: True Hamiltonian
Histogram: Hamiltonian estimated by the neural network

=Estimated Hamiltonian has completely different property of true Hamiltonian H .

9

ol(x, k1) N OH(x, k., t) ol(x,k.t) OH(x,k_,t) ol(x,k,, 1)

= C(x, k,, 1)
ot ok, 0x 0x ok,

=There are structural uncertainties H(x, k, t) = H,,.(x, k. t) + kf[I(x, k., 1)],
k € R, f: Arbitrary differentiable function.
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o Evaluation of structural uncertainties

[Y. Mototake, M. Sasaki, arXiv:2511.04564]

k:=k,

(xia kj)
H(xia kja T) _ H(Xo, k09 T) — [H(xia k()a T) _ H(Xo, k()a T)] + [H(xia kja T) — H(xia k()9 T)]

X, k;
= “ dxaxH(x, k(), T) + J dkakH(ka X, T)
Xy : ko

I J
=xo+ lim )’ 0. H(xy + kA ko DA, + ky+ lim )" O H(x ko + 1AL DA,
Ax—>0 k=1 Ak_>0 I=1

P If all partial differential coefficients, 0 _H(x;, k), 0,H(x;, k;), on the infinitesimally small interval

orid are determined, the Hamiltonian H(x, k, 7) is determined except for the constants




Evaluation of uncertainty of Hamiltonian function 36

o Evaluation of structural uncertainties

[Y. Mototake, M. Sasaki, arXivi2b11.04564]

atl(xi, kj’ T) - — akHdnn(xi, kj’ T)axl(.xi, kj’ T) + adenn(xi, kj’ T)akl(xi, kj’ 7:) + C(xi, kj’ T)

4

The source of uncertainties lies in attempting to estimate two
micro-coetficients using a single equation.
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o Relaxing uncertainties by Introducing physical constraints

[Y. Mototake, M. Sasaki, arXivi2b11.04564]

(1K) ) ( H(x, k)
; (—Lp k) Lnk) 0 0 ‘ H’“(xl’ kl)
Lsky) [ | 0 0 —I(q.ky) L(x;, k) 0 e
1(xy, ky) o H (xy, ky)
: \ —Ik(xNx, ka) Ix(xNx, ka) e ’ I k)
[ow. k) |2 XN, Ky )
A TN N,N, X 2N, N, matrix

-
H (xa), o) t(k)> _H <x<i>, k), 10
—symmetric (x“), -k, r<k>> =9,H (x@, kY, r<k>>

o, H (xu‘), o) t(k)> - _0,H (xa) 1) t(k))J

s Ny 9

)\

RERIR [~ k) L(x. k) \( H(x), k) )
It(x17 k2) —Ik(xl, - kl) —Ix(xl, - kl) O Hk(-xla k])
L(x,, k |
(X, Ky, ) 0 — 1 Gi Koy, 2) 1oy 120 Ky o) H, (xy 12: Ky, 1)
0 ), g = ) TG — iy ) | R )

Nqu X Nqu matrix

P The number of equations coincides with the number of partial differential coefficients
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o Relaxing uncertainties by Introducing physical constraints
[Y. I\/Iototake\, M. Sasaki, arXiv:2511.04564]

If A is full rank < Vi, j, rank

then Hamiltonian 1s determined:

( Hx(x1,k1) )

Hx(xNx/Z’ ka/z)

ka(xNx/Z’ ka/z) )

CLeoky ) [ henk) LGk ( H(ok) )
It(xla k2) —Ik(.xl, - kl) —Ix(.xl, - kl) O Hk(-xl’ kl)
Lok ) | A
(0 ka) O _ Ik(xNx/2’ ka/z) ]x(xNx s ka ) Hx(xNx/za I;Nk/2)
I k H, ;
\ Ay, N"x)) \ ~ L0~ kD) 1O = Kyp) ) \ v, Kio)
_Ik(xia k]) Ix(xia k])

—L(x, — k) —I(x, — k)

=14_1

=2,

( It(xlakl) )
I[(x19 k2)

It(x2’ ka)

\IZ(XNX, ka) )

I(x, k1)

» (_Ik(xia k])a Ix(-xi’ k])) ?é S(_Ik(xia — k])a Ix(-xia o k])),
< k k ‘ s € R.

A is a full rank!!

P Structural uncertainties are disappeared



Proposed framework (1mproved)

O Loss function of DNN Hamiltonian [Y. Mototake, M. Sasaki, arXiv:2511.04564]

[Dataset]

D = {dtl(xi, ki, 1), 0,1(x;, ke, 1), O (x;, K, 1), C(x;, Ky 1) ‘ i€[0,N],j€[0,N,],t= T}

c ' N Time derivation of /(x, k, t) following the DNN Hamiltonian H
f 3,I(x, k, 1) = — 0, H,. (x, k, )0.I(x, k, £) + 0.H, (x, k, 3 I(x, k, ) + C(x, k, 1)
C )
(X [ & ]
[Loss function of DNN]
-\ 2
Loss(Wy,,) = i\’k Z {dtl(x,-, ki, ) — [—adenn(xi, Kis T3 Wnn) 0, L(X;, ki, ) +0, H g (%3, Ky 75 W )0, (x5 K, 7) + Clx;, K, T)_ }
Xk g

5

Constraint of symmetry— | +4 D “Hdnn(xi’ Ki» s Wann) — Hann (X = Kj» 135 W)
L,




Results (improved)

o Verification results for simulation dataset in which the true Hamiltonian is known

[Y. Mototake, M. Sasaki, arXiv:2511.04564]

W constraint

Red contour: True Hamiltonian
Histogram: Hamiltonian estimated by the neural network

=Hamiltonians are successfully estimated ! !




* 1-d diffusion system

The one-dimensional diffusion equation

ou(t,x) = 0x(a(x) o u(t, x)),

where a(x) 1s an unknown diffusion coefficient.

Expanding the right-hand side of diffusion equation gives d,u(z, x) = d,.a(x) o, u(t, x) + a(x) 0, u(t, x) .

From the viewpoint of the coefficient function a, this PDE contains the first derivative 0 a(x) (order k — 1 = 1)
with coefficient ¢(x) = d,u(z, x), in addition to the zeroth-order term a(x) with coefficient 0, u(z, x).

We discretize the spatial domain on an infinitesimal grid x; = xy + ji (j = 1,..., N) with spacing 4 > 0.

On this grid, we denote s; := 0xa(xj), ;= a(xj) :
Along the one-dimensional grid, the first derivative can be represented as a discrete integral (cumulative sum) of
J
the second derivative: ; = 1, + h 2 Si, Jj = 1,..., N, where £, is an integration constant corresponding to a
i=1
lower-degree component of a(x).
Then, the equation on an infinitesimal N grid space is written as M - s = ¢, where s = (sq, ..., 5y) |,
¢ = (Ou(t, X)) — tu0,u(t, X)), ..., Ou(t, Xy) — fyOy,u(t, xy) ), and
h o, u(t, x;), 1 <],
M; = 4 2ptlh o, u(t, x;) + o u(t, x;), 1=,
| [2p1]0, i>].

If each element of M is nonzero, M is a lower triangular matrix and rank(M) = N.
Thus, the diffusion coefficient function a(x) is uniquely determined from the diffusion equation, except for
constant term.



Summary and Discussion

® The procedure used to evaluate uncertainty in physical model
estimation 1n this study could be developed into a framework
for evaluating uncertainty in a wider range of physical models.

® [t 1s possible to estimate the Hamiltonian function of the wave
kinetic equation 1n a data-driven manner by introducing
appropriate constraints.

¢ Potential to develop a framework for estimating the
Hamiltonian function from experimental data.

® The proposed framework may provide a framework for
investigating the correspondence between wave kinetic theory
and other turbulence models that reproduce zonal flows.

[Y. Mototake, M. Sasaki, arXiv:2511.04564]
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Maxwell equation , ,
q The structure of the indeterminate

B=VxA Gauge theory equivalence class itself
A5 A+ VS 1s important interpretable information
De Rham cohomology

Definition [edit]

The de Rham complex is the cochain complex of differential forms on some smooth manifold M, with the exterior derivative as the
differential:

0— QO(M) 5 QL (M) 5 Q2(M) 5 3 (M) — -,

where Q%(M) is the space of smooth functions on M, Q!(M) is the space of 1-forms, and so forth. Forms that are the image of other
forms under the exterior derivative, plus the constant 0 function in QO(M), are called exact and forms whose exterior derivative is 0 are
called closed (see Closed and exact differential forms); the relationship d? =0 then says that exact forms are closed.

HY (M) = Kerdy,/ Imdj_1

=Homology 1s important for interpretable Al in physics
=Topological view 1s important for data analysis of physics data using interpretable Al



