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= —_ 71 12 7:) Who? Domain experts/users of the model (e.g. medical doctors, insurance agents) | ?
REIC & D COREIRD? )

(o)

€}

Why? Trust the model itself, gain scientific knowledge %

Who? Users affected by model decisions Who? Regulatory entities/agencies
Why? Understand their situation, verify | 7 Why? Certify model compliance with the|?
fair decisions... 7 (& legislation in force, audits, ... 3
i ﬁ TN
Target audience /
in XAI ¢

&

Who? Data scientists, developers, product owners...
Why? Ensure/improve product efficiency, research, |7

Who? Managers and executive board members
Why? Assess regulatory compliance, understand

new functionalities... [ ;f\
I< // >’— ‘)\\%

L/
corporate Al applications... (9

[Arrieta, Alejandro Barredo, et al., Information fusion, 58, 2020.]
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Low

Hybrid modelling approaches
New explainability-preserving modelling approaches
Interpretable feature engineering

Post-hoc explainability techniques
Interpretability-driven model designs

Low

High

Model interpretability

[Arrieta, Alejandro Barredo, et al., Information fusion, 58, 2020.]

- B

Explainability

Simulatability
Interpretability ——  Transparency — Decomposability Precepts
— Algorithmic
‘ Completeness
Explainability
Methods
Opaque
Models
Methods

Transparent
(design) Models
\ \
Logistic/ Decision K-Nearest Rule-based General
Linear Trees Neighbors Learners Additive
Regression heoas!

Network

Bayesian Random
Model Forest Machine

Support Vector  MultiHayer Neural ~ Recurrent Neural Convolutional

Network Neural Network

[Love, Peter ED, et al., arXiv:2211.06579 2022]
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» VTN ﬁmﬂﬁgt I| hgmy
NA X i Bb =t IR || BRFRTE

| BERHEY 7O0—F

| ATl o - RIBAHDMEL
“ ] 2 RE  FRA
w CHENT —5 AHficEs< \/
8 RIOET LIS
[Stevzén'L. Bl'unt(jn et al., PNAS, 2016]




— Y73 A\
ji%l:l)l

EIRPIBEAl & T — & BREIEF

. DNNE770—-FIC & 57— Y REEFDER

 BEERBE 7 7O0—FICLD T —YEREEFOXEIR

OLI

E&(V)t Tﬁd)/:ﬁ

ot
Tlag

IIIA



T — Y ERENREZ(CH [T DEIRPIBEAIDIEZR 15

BinrElc L BIRPsEABE7 70—F
EMER EE=1— 7IL*JI~(DNN)§=77’EI ¥

. SPRE - BRIRTEDMELY
FLFIHR % A

BEFR O] BE R s8R i

PN

[Brunton, Steven L.. 2019]

e fZFR A BEZS: =
A THESR e RN || BRI
A A EMEEETIL
| EERHE 7 7O0—F
“ ifig] = R REDHEL
w RN T —Y 2 iricgo< \/
/k BT T LI
[StevzérTL. Bl'unt(jn e; al., PNAS, 2016]




DNN (72w X) 7 T70—FICKTSERAIEEAl 16

Model
simplification

Black-box
model

xX— M, Y

x = (z!,...,2")

X

input instance

[Arrieta, Alejandro Barredo, et al., Information fusion, 58, 2020.]

Grad-CAM

Elevator Door

Z ,\ [R. R. Selvaraju et al,, IEEE ICCV, 618-626, 2017]

Feature
relevance
<,
) .
/Q ”Explanatory examples
e, 2 for the model:”
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OB nRIc & 2DNNDsimplification [Cranmer, Miles, et al., Neurips2020]
Si — (ml, Vl’ l’l, ql, .« )

Simple Particles

Input graph G = (V, E) with
nodes (e.g., positions of particles) V = {v; }i—1.nv; V; € RLW, and
edges (indices of connected nodes) E = {(rx, sk ) }k=1:N¢; Tk, Sk € {1: N"}.
Compute messages for each edge: e, = ¢°(v,, Vs, ),
e, € R | then

sum for each receiving node i : &, = E ey,
kE{l:Nel’r‘k=’i}

& e R
Compute output node prediction: v; = ¢”(v;, €;)

v/
vieRE.
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O EERIC L 2DNN®Dsimplification RENWTOT55¥7

l o l 2.2 — L + (70 * COS(V)) progn progn
[Wlklpedla %ﬁt:ﬂﬁﬁ*ﬁ] /set\q sc‘:rt dec}f /se“c\q sc’wt | d }f

(c) %X X

[(FREMFRE HP K D]

[Koza, John R., Statistics and computing 4.2 (1994): 87-112.]
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Oft=EMRIc & 2DNNDsimplification [Cranmer, Miles, et al., Neurips2020]

Dark matterbsEF > fzHalozhiF & AHEHEUT.
FDE=. HAEIEEE. EEE
Halo®OHiOEBE (ICEEEIBLITOE) OREFREIZED fz\Ly

_ p—<(p)
o 0= ")
" Deaile
Dark Matter Simulation
Test Formula Summed Component < 8;i—di >

.= Constant 32 = (C N/A 0.421
© Simple b= Ci+(Cot MiCes  e; =S 1<% 6, 0.121
2 Best, without mass 0; = C1 + on +Csez|vz| j#i Cot(Calry

Z 5, = CyF1M;

Best, with mass

Crt oxéamn T £ajF1 Cy4(Co[ri—r;])C

Table 2: A comparison of both known and discovered formulas for dark matter overdensity. C;
indicates fitted parameters, which are given in the appendix.

PIRRZESL DRI RIMENEHER




WIBRICHEWTIHEMEE ETI)IL BRI SFIE 20

[step1] BRDT—% - BETYERETILZ/AKICHKTE LI5S
(-\ tl:% 'tj__T}l/ﬁ\—E'(l(—Ec\%)h\ (Z_Elif)\t@‘*ix@%ﬁb\) ODﬁEHIL’\

Bl : BB D DIEELE
b ERRFOHKER or 55D O3 HEEER

[https:// www.wallacelages.com/boids.html]

[step2] BIRT—% TCEH U EMEETTILH SYIENICEY
Bz I DI, @F%R—_—/f L—;ﬁﬁﬁﬂnﬁk%%]\jé

Bl : &35 D DNN [13ERIHIKY : y > 0]
BRI iy =ax+bh
x;_+)w /’ —y |

X SUTEARBHE:y= T oxp- @D

[step3] F&EIRF f%‘Jr HIEEE EE X THRIRFED/INA/IN—INT X —

A —Ix EZIERUGH SRR
Bl #&IFE., BEHFENTEAAULEXY
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SHlEIT

NZERDOIINE « RIFRID: HERT—I D SDIRT > 2 v )LEEEHH
(Model simplification) . (Local explanations)
j‘s\ygﬁ\ybx ' A) Vyy D 7= D Neural Networks (B) Vyy D EFEIZAL
4 DR ﬂ §
— L
P EFHDNN =1 —y e e
X ! rd ] a )W ¢ —
.y - :@A-EDQJ* =i=g
X z X L, t, :
[i*ﬁﬁ (*‘:I-Wﬁ) ] Xt ‘ Xt Ground Truth t

Y. Mototake, Phys. Rev. E 103, 2021] [S. Tsuji, Y. Mototake, et al., in prep]

MEINY =2V E&D S DAFRFHEEDHETE

(" (Explanation by example) )
DNN + GP
L [Y. Mototake, K. Ito M. Demura, 2022] y
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Interpretable conservation law estimation
by deriving the symmetries of dynamics
from trained deep neural networks

Yoh-ichi Mototakel
1'The Institute of Statistical Mathematics

Phys. Rev. E, 103, 033303, (2021)
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i
e
e

Physical System Schematic Experimental Data Inferred Laws
R ol | = , A v A A s 114.28V* + 692.32x
' : & Hamiltonian
& L ] L N S X .
J o el - . X k of /AN /1\ 3 v-—6.04x"
~ Ax 5V Yy L= wf 1YV LV LV Lagrangian

o Collect experimental
data from physical system
(e.g. pendulum time series)

f=2z+9.8-sin(x)

0 Numerically calculate
partial derivative for every
pair of variables

f=(x-1.12)-cos(y)

/=091-exp(y/z)
f=0.5-y>-9.8-cos(x)

R ”«_$ -a00 5 n s ; -
' e Time (s)

a—0.008v - 6.02x

Equation of motion

-142.19x; — 74.65x, + 0.12x,” —
1.89x,x; — 1.51x," — 0.49v,” +
0.41v,v, — 0.082v,’

9 Generate candidate 200 Lagrangian
=0.5-v>-9.8-cos(x symbolic functions. Initially _ ‘
S 4 (x) these are random; later they R ' it ’
are small variations of best 2
e Wh iz 2 equations selected in (5) 15 1.37-w" + 329003(9)
en predictive ability & MDA @ Lagrangian
reaches sufficient T I grang
accuracy, return the most > ' Ax osp | | it .
parsimonious equations Exol —|[ /] =,v+sm(x)A— o LIV AL L1 g 2.71a + 0.054w — 3.54sin(6)
Ayl oy AR oy Y PRIRTRRSTE Y Equation of motion
— :A'— Candldate av af af . { \ ‘\ | i ‘.' : % 3
Axlp  OXlyy,) Equations = R RYY = e (x—77.72)" + (y — 106.48)"
0 Compare predicted iy X[ 10 1 20 26 30 % Circular manifold

Tim‘e (s)

partial derivatives (4) with
numerical partial derivatives
(2). Select best equations.

0 Derive symbolic partial
derivatives of pairs of variables
for each candidate function

>+ 0.320," -
124.13cos(8,) — 46.82cos(6,) +
0.82w,mw,c0s(6, — 6,)

0 | Hamiltonian

34 345 35 355 36 3656 37
Time (s)

[Michael Schmidt1, and Hod Lipson, Science 2009]
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Ideal mass-spring system

m

( Noisy observations

1.0/ /

0.5 1
p 0.0

-1.0 1

!
\
-0.5 N\

Baseline NN Prediction

C CZ:Z%ZZ:D )

gl
g

Hamiltonian NN Prediction
S e ~ N\
gradient of Hy ( N 1.0 1 j ’ NN\
. /
R 054 / \ ?
( !
R R P o0q) ‘
( D —p \ ‘
A R * ______ —0.5'\ \ g 5
[ a P ] _-P__]____?_. —1‘0-\ S s /)
NN~ — -y
-1 0 1
q

op  0Ot||, oq 0t

[G. Samuel, M. Dzamba, and J. Yosinski, NeurlPS 2019]



iy
a1

REFEICKDMBIETILDOES

H(z, z,)

[\

X

x APt w«-bnx
i R R A e
2 y
Input % RH Predicted

One step integration
Ground truth

AV 70NNV NN/ 70D

Hamiltonian NN

W BANATE T ANNEE S A

Baseline NN

SAVARLAA L ERE AL R

Pendulum angle
z;: round truth
) Hamiltonian NN
-0.24 Baseline NN
8

[G. Samuel, M. Dzamba, and J. Yosinski, NeurlPS 2019]

N\

ENERT—Y DS DIRT > 2 v )LEEEEHE
(A) Vyy D 7= D Neural Networks (B) Vyy DEFEZAL
AR ﬁ $
&"aq : L
at 0z I §
r_-’i‘ 8/r—-'1‘] & Time t
Ry (elo Ry w5
A L NAR L oriel
X, V2 g, t, t, ts
Ground Truth
. [S. Tsuji, Y. Mototake, et al., in prep] |
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[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]

PIREITDHZTIL—LT—TJD0ENIE. 74— —Z=ZVJTYBT—F%& %ﬁ
52 ETIFEERLS, FEULDNND SERTELYIBBHRZMEIT S & T
b B

m

I'I'

N%?E’é‘%>7l/ — T —727F. Noether®OFEB ENEWHRY Y T VT FE
ic kD, ZEEADNNNSYAF I ADONEEZRET S & T REFE]
ZHERIT DHD T,

pIZET LIBEME. BRIT—Y Y NDZEREREE & Noether D FIED
WEEZHEEDEFREEZEITCEICK>THELIEDEDTH D,

EIRFER ICFEIFZE AW DO HRR (zostictiic=3IBLTH5xELE)

[Ziming Liu and Max Tegmark, Phys. Rev. Lett. 126 180604 (2021)]
[Seungwoong Ha and Hawoong Jeong, Phys. Rev. Research 3 L042035 (2021)]
[Han Zhang, Huawei Fan, Liang Wang, and Xingang Wang, Phys. Rev. E 104 024205 (2021)]
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AiRtESR ([step1]iCXIiE)
1. K=Y —DTFBERRINT—F LRRAEDEFRZ R

2. DNNIC KB T—9 ZREDETILIC D WTHRE

FiE
3. DNND' 5RO EZ T 5 F ED A

4. MBS NIERIED SREFAZHET 2FEDHRHA

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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ARBER ([step1]iCXIiE)
1. K=Y —DTFBERRINT—F LRRAEDEFRZ R

2. DNNIC KB T—9 ZREDETILIC D WTHRE

FiE
3. DNND' 5RO EZ T 5 F ED A

4. MBS NIERIED SREFAZHET 2FEDHRHA

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



*— Y —DEE

K=Y —DER :
INZI)L R VROFDEFENIE EREFEMZFODIF DT [Noether 1918],

- B oH 0H(q, )
IN\TI)LNZF VH(q,p) & EEEENHER 4.p) = —p, (qp)=qi7b\,

l

q; op;
RN Z (g, p)) = (g, + 6q;» p; + Op;)IC YWUTARETHDETDE, REE

G & DRI T DRI T 3.

s s J0G;  0G;
(0g;;, opy) = 0_19,-’ _a_q,-

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



FRINT —5 ERXR—T—DEHE

AARICHE T D N2RERINT —F DER

N
. A B | I
D := {qt,-’p 1 qt,-+At’p t,-+At}

1=

N points

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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JINZ )L MY ZRDOXIFRE

INZIVNZ T VDARZENM  H(q,p) = H(q,p)
H'(Q,P) := H(q(Q,P),p(Q.,P))
[ 0H(gr, pr)
e . qT+AT — GpTT d AT"‘ qT
IFEEFAIET © < DAZE
oH(qr, pr)
Priar = — 5 AT +pr
L . N
- l l l l
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0H(q,,p,) 0H(q,.p,)
VE, {qt+At’pt+At’ q.P; | Hq.p) = E.prin; =P, — aqt t Grrar =G T apt : }
t t
oH(q,,p,) 0H(q,.p,)
= {QT+AT’ Pr a7, Or, Pr | Hq,,p) = E.pyni =P — aqt t rvar =4+ apt : }
t t
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0H(q,,p,) oH(q,,p,)
VE, Qi+rvPivnr 9 Py H(qt’pt) = Eapt+At =P;— o s Giinr = 4+ —
aq, op,
0H(q,,p,) 0H(q,,p,)
= {QT+AT’ Prin7: Qp. Pr | H(G,,p) = E,pyin; =P; — aq[ t Grinr =4, t+ dpt t
t t

{Qi(q, p), Pi(q, p) | Vi € Ag, satisty Eq. (32)} = ﬂ {Qi(q, p), Pi(q, p) | satisfy Eq. (32)}.
iIEAE

35 I RINF—THEFADBD AL DOFHIDESRH
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OWX) = (91 @2, 0) 0= 0 | ) (W,-ij“x) Wij
E LR - o (x) b Xy X3

sigmoid tanh RelLU

-\ (W12, W, W33)

X2

VAN \ N\ N\ T [Basri et al. 16] 3
P-a—FJILRYv b, RPN BBFEEOERDELET |2 . X
SEEEETETIVERRE,
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S; = {qt+At’pt+At’ q: D;

H(q,p) = E.,pPin, =D;— iins =4+
aq; ap,

0H(q,p,) w%w}
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samp[X( ) )] - Z {X(x) fDNN[X(x’)]}

\7 7

S Rawdata m Reconstructed data
(
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L
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1 N
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N
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P(all’a12’a21’""a2d2d)—Eexp —2 > Eqamp(@i1, @12, Aoy, aZdZd)]

ili [Hukushima and Nemoto 1995]
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1
(b)
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L (c)
P! A2...AL) = HP(A’) |
[—1

(d)
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[;XH and FEH 15]
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1 N
Aq2q) = ~ CXp [_2_02Esamp(a11’ 12, dr1s *°*s

HAD I
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Algorithm 1 Estimation of the invariant transformation set
N

Input: dataset D = {q,’}, pﬁi, q; AP p; +A t} in a given coordinate system.

i=1
Ny

Output: Invariant transformation set D, = {(aj1,a12- -+ ,a14,a21 "+ , Q24 2d)n, }n:l'

Step 1: Train the deep autoencoder with dataset D.

Step 2: Using the trained deep autoencoder and REMC method, sampling transformation parameters
ail,an,a, - ,azqg2q from multiple probability distributions P’(ay1, a1z, azy, - - - , azqg24) corresponding
to different noise intensities o”’.

Step 3: Select o’ from the distribution structure of the sampling results and output the sampling result of

the selected o’ state as D,.

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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[ Je— Na
Da = {(Cl()l, oo > Aoyogs A11°° 7 a2d2d)na}na:

¥

1

[ 40) = @0, . 6}(0) = Gy (O) a0 a1, O) 1 0), .4 O) 2O
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| froatatsapp =0

k ) —BORT SREOBEBRR )

sl

dfilay, -+, ay)

=R EE FefeL, Jy=
a; D—ERETHRDINIA—Y 0 LT 2= BRRAEESD N ob,
* HERTHBET S,
[ d'—d d )
(by by, bg) CA', e} = AN}, ¢ =glby, . by)
[ hycp by, b)) =0
4 :
| hy—q,(Ca-a; b1> > b4) = 0
. V.

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



F52 | EBENEZBROHETE

bEODMDO D DERHINTA—F &EZT, EBIR/N\ETHZHTE

Obl =€y
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s\ AB)| gy Agb) b A R D7
<5 l>=8 abl <P>+8 (())bl B <P>+8
P I ! Ag=0 da, 4 | da, | day ;4 |
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PV TY VTR D, = (o by, by by 0y %,

db db
A p S
h(Co by by, oo by Boyadp) 1= ) Y e Z Frpsssersy Prosssos €013, da— 0

50=0 5,=0 Sd, =0

BEREEIE LT, ZRIEDERERTZES

2t

TE

-

hl(cla b]a '"7bd9) =0

hy—a(Ca—gp brs > D4) =0

L

ZZT, BIREGRE, y REEERERIRIT /A FUXRTKNLET S,

y BT NIEHBEE (BIC) TRET 3,
([step3]icHit)
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Algorithm 2 Estimation of infinitesimal transformation

Input: Sampling results of Method 1, D, = {(aj1, a2+ ,aiq,a21 -+, @2q24)n, }nN:=1’ and dj,

Output: Infinitesimal transformation, 6qy, op,.

Step 1: Extract Dy, = {(c, by, ba, - - bd e }n,—l from D,,.

Step 2: Fit D, with the implicit polynomial function A(cy, bll, blz, d, 8,7, dp) [Eq. (54)] for each .
Step 3: Estimate the likelihood [Eq. (G1)] by numerical integration of Z [Eq. (G2)].

Step 4: Select the indicator vector y and the dimension dj of Mjnyariant in Eq. (54) for each ¢ using the BIC,

. . . ohy(cr,br,+,ba,) . . .
Step 5: Determine whether the Jacobi matrix Jy; = kC 61191 ') 1s nonsingular. If Jy; 1s singular, return to

Step 1 and re-extract D).
Step 6: Differentiate the obtained simultaneous equations with respect to b; around a point ey to obtain
Eq. (52).

Step 7: Solve the simultaneous equations in Eq. (52) and obtain the infinitesimal transformation, 6q;, op;.

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]



REFEDXED

Definitions Relationship between time series dataset MyXu(Mp)
H: M, - R - and symmetry transformation set M, . iant
H': My - R R .
Mg = {q,, p| H(q;, p)=E} o -
7= {Qn Pr| H(Qr, Pr)=£}
w: (qePe) 7 (es1,Pes1) M, xu(M,;) ¢ [ M xu' (M)
u': (QnPy) P (Qr1,Pryq) . -
C:(qe, Pt Qet1 Pet1) f oNn JENY
= (QT' PT' QT+1! PT+1) v v
Fonnte) = {x if x € Mpxu(Mg) M pxu(Mpg) fonn([M'gXu’(M'p)])
y else / / ’
where y # X. \_ Minvariant = VE {Cl MEXM(ME) = M pxu' (M E)} /

T ;M: tangent space of M at identity mat.

—— [Method 1: Inferring the symmetry (Sec. Il A)]

Mpvariant = VE {c [[M'pXw' (M'p)] = fponn([M'gXu'(M'E)] )}

¥

G;: R (conserved value)

—  [Method 2: Inferring the conservation law (Sec. I1I B)]
fonn : dee-p auto encoder [T M, arianc = (?’ _ ?) Derived from Noether’s thgorerlr;.)
trained by Myxu(M;) P04 (Sec.

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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Reynolds model [Reynolds et al. 86]

A A <A

Separation: Alignment: Cohesion:
Steer to avoid crowding Steer toward the average Steer to move toward the average
local flockmates heading of local flockmates position of local flockmates

& _F L F L F

dt separation alignment cohesion

Swarm

| Highly Parallel

Dynamic Parallel

[Mototake et.al 2015]

[Couzin et.al 2002]

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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Reynolds model [Reynolds et al. 86]
=
A A A

Separation: Alignment: Cohesion:

Steer to avoid crowding Steer toward the average Steer to move toward the average

local flockmates heading of local flockmates position of local flockmates

dv — — —
d = separation + F alignment + thesion
N\ ! 4
FEiER
~ ~ ~ ~ NRT
- D = {q();,p(1); q(t; + A, p(t; + AD); X
- »
- > S & ~ o~ — — — -
T SR o (q.p) =(q1 — 41,9 — G P\ — P1-P2 — P2)
w a4 O W ‘}
p * L3 ‘ —
v o o ‘.’ RIS
- ﬂ" “s“ ‘ 4 ( all 10 a21 O O \ (ql\ ( ClOl )
“ ‘e X; - ‘4“‘ 10 a12 a22 O O Q2 + a02
-
RN :’: 0 0 dyy —1.0ap, | | P1 0.167 ag,
> \ 0 O _1.0 a21 all ) \pz} \_0’161 aOl)

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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[ZREE Do

1.01 af; + 1.01 a3, — 0.01 a;; + 0.00 a5, + 0.00 a;,a,; = 1.00
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\

que
—80q
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1 1] 1 100 wo0f ]
Q & & = S ownen
S S S S S
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(':‘l 1 . .' g 11 S 100 8 100 g 1
S ‘ S S S ISE. :
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5 0 i g 0 5 0 ; S 0 g 0 | 3
S S S [ S S
a2 an a? a2 aol
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( day;  0ay ) ( 0ay, )
101 X 2011 —_ 001
Gazl aa21 06121 A/=€I
oq = € q+e =€
oa, 0ay, 0ay, —1.00 ‘
da oa oda
\ 9921 21 ) \ Y421 ) \ 1.00 A'=e,
( day;  day ) ( 0a, )
day, day; day; 0 E
op = + € = = /=T
P da, da,) p day, —e 0 p 9 Eﬁ'm
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2 [Couzin et.al 2002]

ThenlkiERE—H-

A/=€I)

eyl
G5 = e(x1py — X,p1)

[Y. Mototake, Phys. Rev. E, 103, 033303, 2021]
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5 - XWHEDHETE 23R,

WU e LYY FL HERE B

A=pxL- me ; CTI s
3

L=gXp,

- _ 49 4qp _ _ _ Po T, 2, g, PP i
1=4@.p):= - = P B=3@p) = nd P,

p=pq,p) = 2pop . Pa = palq,p) = P~ pO’ [A. Koga and H. Tsunetsugu, Phys. Rev. B 96, (2017) 214402.]
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HEZFACIESHFIDAR !

H=p + , k : const.
2m  |r]
1ILTLIYRT NILE - ‘
IWoTLIYRT NILDORAI IR
q
‘A=pr—me7— T D &S B8RITDAIEZEEANDIEFHEERIC L - T,
q W & D BRI R T DR A ST 2
L=qXp
SO(4) DY —R 8 (91, 97> C]3al71al7;,]93)q—>p(5]1, d>> 43 5I4al~71’152;)153’154)
3 §=3q@q.p) = ————p, Gs=3quq.p):=—=q-p,
Lot = Y el W~ G
k=1 p=p.p) 2p0p2, Ps = Pa(g.p) = 57—
3 p()+p PoT™P
(DL} = ) €Dy [H. H. Rogers, J. Math. Phys. 14. 1125 (1973)]
k=1 -

3
{Di’ DJ} — Z €ijkLk m
k=1
— \ X
D= .
—2mH
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H= b + , k : const.
2m  |r| o .
&' 000 & o
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> | £ A
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[H. H. Rogers, J. Math. Phys. 14, 1125 (1973)]
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